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ABSTRACT 
In this paper, we investigate the complicated large time behavior of solutions to the Cauchy problem of porous 
medium equation with absorptions when the initial value belongs to a weighted ?∞ space.   
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1.   INTRODUCTION 
In this paper, we consider the large time behavior of solutions for the Cauchy problem of the porous medium equation 
with absorptions  
 
??
??
− Δ?? + 𝗼?𝑝 = 0,in ℝ? × (0,∞),  (1.1) 
  ?(?,0) = ?0(?),in ℝ?,      (1.2) 
where ? > 1, 𝑝 > ? +
2
?, 𝗼 ≥ 0 and the initial value ?0 belongs to a weighted ?∞ space.  
The existence and uniqueness of a nonnegative bounded solution  ?(?,?) of the problem (1.1)–(1.2) – defined in the 
weak sense–is well established [1.1,1.2]. Large time behavior of these solutions has already been extensively studied 
[1.5,1.3,1.4,6,7,8].  Consider  for  example  the  problem  (1.1)–(1.2)  with  the  nonnegative  bounded  initial  data  ?0 
satisfying  
lim
|?|→∞
?0 (?)|?|𝜎 = ?  for some  ? > 0 
in the distributional sense. It is well known that the solutions ?(?,?) is asymptotic to the unique radially symmetric 
nonnegative self-similar solution of the porous medium equation without absorption, i.e. equation (1.1) with (with 
𝗼 = 0), whose profile 𝑓 satisfies  
lim
|?|→∞
𝑓(?)|?|𝜎 = ? if 
2
𝑝 − ?
< 𝜎 < ?, 
see  [8],  while  the  solution  of  (1.1)  (with  𝗼 = 1)  is  asymptotic,  as  ? → ∞,  to  the  unique  radially  symmetric 
nonnegative  self-similar  solution  of  (1.1)  (with  𝗼 = 1),  whose  profile  𝑓  satisfies  lim|?|→∞ 𝑓(?)|?|𝜎 = ? if 
𝜎 =
2
𝑝−? [9].  
On the other hand, if 
2
𝑝−? < 𝜎 < ?,  we  had showed in [7] that  for any  sequence  {??}?=1
∞  in ?+(ℝ?) ≡ {? ∈
?(ℝ?); 𝜙(?) ≥ 0}, there exists an initial value ?0 ∈ ?0(ℝ?) and a sequence ??? → ∞ as ? → ∞ such that  
 
lim
?→∞
???
𝜎
𝜎(?−1)+2 ?(???
1
𝜎(?−1)+2?,???) = ?(1)??(?) 
 
uniformly on ℝ?, where ?(?) is the semigroup generated by the porous medium equation (𝗼 = 0 in (1.1)). The study 
of complicated large time behavior of solutions for the heat equation and other evolution equations, we refer the 
readers to [10,11,12,13,14,15].  
 
In this paper, we are quite interested in the above mentioned same topic for (1.1)–(1.2) when the initial value ?0 
belongs to 𝑌𝜎(ℝ?) with the critical exponent 𝜎 =
2
𝑝−?
, where 𝑌𝜎(ℝ?) ≡ {? ∈ ?(ℝ?); ?(1 + | ⋅ |2)
𝜎
2 ∈
?∞(ℝ?)} with the obvious norm ∥ ? ∥𝑌𝜎(ℝ?)=∥ ?(1 + | ⋅ |2)
𝜎
2 ∥?∞(ℝ?). For any ? > 0, we introduce a 
cone subset ??
𝜎,+ of 𝑌𝜎(ℝ?) as  
 
??
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Our main result of this paper is the following theorem.  
Theorem 1.  Suppose 𝑝 > ? +
2
? and ? > 0. Let  
  𝜎 =
2
𝑝 − ?
,  (1.3) 
and  
 
2
𝑝 − 1
< ? <
2?
?(? − 1) + 2
.  (1.4) 
Then there has a function 𝜙 ∈ ??
𝜎,+ such that for any ? ∈ ??
𝜎,+, there exists a sequence ?? → ∞ as ? → ∞ satisfying  
 
  lim
?→∞
??
?
2 ?(?
?
2𝜎?,??) = ?(?)  (1.5) 
     
uniformly on ℝ?. Here ?(?,?) is the solution of the problem (1.1)–(1.2) with the initial value ?0(?) = 𝜙(?).  
 
Remark 1. If 
2
𝑝−? < 𝜎 < ?, the complexity may occur in the large time behavior of the solutions for the problem 
(1.1)–(1.2), see details in [7]. But for 𝜎 =
2
𝑝−?, we cannot get this result for the problem (1.1)–(1.2)by using the 
methods in [7], in which the result can been obtained by using the fact that the complexity can happen-up in the large 
time behavior of the solutions for the porous medium equation without absorptions.   
 
2.  PROOFS OF RESULT 
To prove our result, we first define a operator on 𝑌𝜎(ℝ?) as  
 
  ?(?): ?0 → ?(?,?).  (2.1) 
     
Here ?(?,?) is the solution of the problem (1.1)–(1.2) with the initial value ?0(?). From [1.1,1.2,20], we know that 
?(?)?0 is well-defined and satisfies  
?(?)?0 ∈ ?
𝗼
2,𝗼((0,∞) × ℝ?) ? ([0,∞) × ℝ?) 
 
for some 𝗼 > 0. For any ?,𝜎 > 0, ? > 1 and ?(?) ∈ ?loc
1 (ℝ?), we introduce a scaling operator ??
?,𝜎 as follow:  
 
  ??
?,𝜎?(?) = ???(?
?
𝜎?).  (2.2) 
 
From (2.1) and (2.2), we can obtain that for any  ? ∈ 𝑌𝜎(ℝ?) with 𝜎 =
2
𝑝−?, the following communication rule holds  
 
  ??
?,𝜎[?(?2?)?](?) = ?(?2−?(?−1)−2?/𝜎?)[??
?,𝜎?](?).  (2.3) 
Let  
𝑑(?) ≡ sup {?; ?0(?) = 0 a.e. in ??(?)} 
 
be the distance from ? to the support of ?0 and let us introduce the following symbol to denote the positive set of 
?(?,?) at time ?, 0 ≤ ? < ∞,  
Ω(?) ≡ {? ∈ ℝ?; ?(?,?) > 0}. 
 
We also define for the set Ω(?) the 𝜌-neighborhood as  
 
Ω𝜌(?) ≡ {? ∈ ℝ?; 𝑑(?,Ω(?)) ≤ 𝜌}, 
 
where 𝑑(?,Ω(?)) is the distance from ? to Ω(?). To get our result, we also need some lemmas whose proofs are 
based on Corollary 3.1 in [16] and Lemma 3.3 in [17].  
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0 ≤ ?0 ∈ ?∞(ℝ?), 
 
then for any 0 ≤ ?1 < ?2 < ∞, we have  
  Ω(?2) ⊂ Ω𝜌(?2−?1)(?1),  (2.4) 
     
where Ω𝜌(?2−?1)(?1) is the 𝜌 neighborhood of Ω(?1) with 𝜌(?2 − ?1) = ?(?2 − ?1)
1
2 ∥ ?0 ∥
?∞(ℝ?)
?−1
2 .  
While if  
0 ≤ ?0 ∈ ?1(ℝ?), 
then for any 0 ≤ ?1 < ?2 < ∞,  
Ω(?2) ⊂ Ω𝜌(?2−?1)(?1), 
 
where 𝜌(?2 − ?1) = ?(?2 − ?1)
1
?(?−1)+2 ∥ ?0 ∥
?1(ℝ?)
?−1
?(?−1)+2.  
Proof. If 0 ≤ ?0 ∈ ?1(ℝ?), by comparison principle, we have  
0 ≤ ?(?,?) ≤ ?(?)?0(?). 
 
So we can get that (2.4) holds by using Corollary 3.1 in [16]. The remain parts of this lemma can be gotten in the same 
ways by using Lemma 3.3 in [17], see also Lemma 3.4 in [7].   
We also need the following lemma which based on Lemma 2.1 in [18], see also Theorem 2.1 in [19].  
 
Lemma 2.2.  Let 0 < 𝜎 < ? and ? > 0. There exists a constant ?(?) such that for any ? ∈ ??
𝜎,+, the solutions 
?(?,?) of problem (1.1)–(1.2) satisfy the following estimates  
  0 ≤ ?(?,?) ≤ ?(?)(1 + ?
2
𝜎(?−1)+2 + |?|2)
−𝜎
2.  (2.5) 
 
Proof. To prove this theorem, we need the fact that if ? ∈ ??
𝜎,+, then  
?(?)?(?) ≤ ?(?)(1 + ?
2
𝜎(?−1)+2 + |?|2)
−
𝜎
2, 
which had been given in Theorem 2.1 in [20]. This lemma can be obtain also by using comparison principle.    
Now we can proof our main result.  
 
Proof of Theorem1.1 .  From the definition of ??
𝜎,+, we obtain that there exists a countable set ? such that  
? ⊂ ??
𝜎,+  ?1 (ℝ?) 
and for any ? > 0 and ? ∈ ??
𝜎,+, there exists a function 𝜙? ∈ ? satisfying  
  ∥ ?? − ? ∥?∞(ℝ?)< ?.  (2.6) 
Therefore, there exists a sequence {??}?≥1 ⊂ ? such that  
1.  for any 𝜙 ∈ ?, there exists a subsequence {???}?≥1 of the sequence {??}?≥1 satisfying  
  ???(?) = 𝜙 for all ? ≥ 1,  (2.7) 
 
2.  there exists a constant ? > 0 satisfying  
max ( ∥ ?? ∥?∞(ℝ?),∥ ?? ∥?1(ℝ?)) ≤ ?? for ? ≥ 1. 
 
Notice that (4) and (5). We can let  
  ?? =  
2 for ? = 1,(0.4)
max  ?
6
2?−?[?(?−1)+2]??−1
?(?𝑝−??−2)
2?−?[?(?−1)+2],(2???−1)
1
?,??   for ? > 1,
   (2.8) 
where ?? will be determined later. Now we can follows the methods given in [7,17] to construct an initial value by   
?0(?) =   ??
−? ∞
?=1 ??(?/??
?
𝜎)??(?/??
?
𝜎) =   ?
??
−1
?,𝜎 ∞
?=1 [??(?)??(?)] = ?? + ?? + ??,      (2.9) 
 
(2.9) 
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  ?? =   ?
??
−1
?,𝜎
?−1
?=1
[??(?)??(?)], ?? = ???
−1
?,𝜎[??(?)??(?)],   
  ?? =   ?
??
−1
?,𝜎
∞
?=?+1
[??(?)??(?)],  (2.10) 
and  ??(?) is  the  cut-off  function  defined  on  {? ∈ ℝ?; 2−? < |?| < 2?} relatively  to  {? ∈ ℝ?; 2−?+1 < |?| <
2?−1}. Notice first that if ? ∈ ??
𝜎,+, then  
  ∥ ? ∥𝑌𝜎(ℝ?)≤ ?  (2.11) 
and  
0 ≤ ? ∈ ?(ℝ?). 
By (2.9) and (2.11), we have  
∥ ?0 ∥?∞(ℝ?)≤∥ ?0 ∥𝑌𝜎(ℝ?)≤ sup
?≥1
∥??
−???(?/??
?
𝜎)??(?/??
?
𝜎) ∥𝑌𝜎(ℝ?)≤ ?. 
So,  
?0 ∈ ??
𝜎,+. 
From (2.3) we have  
  ???
?,𝜎[?(??
2?)?0(?)] = ?(??
2−?(𝑝−1)?)[???
?,𝜎?0] =  (2.12) 
  ?(??
2−?(𝑝−1)?)[???
?,𝜎?? + ???
?,𝜎?? + ???
?,𝜎??].   
Therefore, from Lemma 2.1 and Lemma 2.2, we can select ?? large enough to satisfy that  
 
  ?(??
2−?(𝑝−1)?)[???
?,𝜎?? + ???
?,𝜎?? + ???
?,𝜎??]  (2.13) 
 
= ?(??
2−?(𝑝−1)?)[???
?,𝜎??] + ?(??
2−?(𝑝−1)?)[???
?,𝜎??]
+ ?(??
2−?(𝑝−1)?)[???
?,𝜎??]. 
 
 
By the comparison principle [8,9] and the ?1–?∞ smoothing estimates [20,21] for the porous medium equations, we 
obtain from (2.8) and (2.10) that for any given  ? > 0,  
 
  ∥ ?(??
2−?(𝑝−1)?)[???
?,𝜎??] ∥?∞(ℝ?)≤∥ ?(??
2−?(𝑝−1)?)[???
?,𝜎??] ∥?∞(ℝ?)   
  ≤ ?(??
2−?(𝑝−1)?)
− ?
?(?−1)+2 ∥ ???
?,𝜎?? ∥
?1(ℝ?)
2
?(?−1)+2  (2.14) 
  ≤ ???
?− 2?
?(?−1)+2?
4
?(?−1)+2??−1
?(?(𝑝−?)−2)
?(?−1)+2  
 
  ≤ ??
− 2
?(?−1)+2 → 0   
as ? → ∞. From the maximum principle, (2.8) and (2.10), we have that  
 
  ∥ ?(??
2−?(𝑝−1)?)[???
?,𝜎??] ∥?∞(ℝ?)≤ ? ∥ ???
?,𝜎?? ∥?∞(ℝ?)   
  ≤ ???
???+1
−?   2−?
∞
?=?+1
? ≤ ?2−? → 0  (2.15) 
 
as ? → ∞. For any 𝜙 ∈ ?, from (2.7) and (2.10), we obtain that there exists an sequence  {???}?≥1 such that if 
2−??+1 < |?| < 2??−1, then  
 
  ????
?,𝜎???(?) = ????
?,𝜎[????
−1
?,𝜎??????](?) = ???(?)???(?) = 𝜙(?).  (2.16) 
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From  Lemma  2.1  and  (2.13),  we  know  that  the  value  of  ?(???
2−?(𝑝−1)?)𝜙(?) in  {2−??+1 < |?| < 2??−1} only 
depends on the value of 𝜙(?) in {2−?? < |?| < 2??}. Therefore, from (2.16), we can get that if 2−??+1 < |?| <
2??−1, then  
  ?(???
2−?(𝑝−1)?)[????
?,𝜎???](?) = ?(???
2−?(𝑝−1)?)𝜙(?).  (2.17) 
Notice also that  
????
?,𝜎??? ≤ 𝜙 ∈ ??
𝜎,+. 
For any 𝜀 > 0, we thus obtain from Lemma 2.2 that there exists a  ?1 > 0 such that if |?| ≥ 2??1, then  
  ?(???
2−?(𝑝−1)?)[????
?,𝜎???](?) <
𝜀
3
  (2.18) 
and  
  ?(???
2−?(𝑝−1)?)𝜙(?) <
𝜀
3
.  (2.19) 
Notice also that 𝜙 ∈ ?(ℝ?) and that ???
2−?(𝑝−1)? → 0 as ? → ∞. Therefore,  
  ?(???
2−?(𝑝−1)?)𝜙
?→∞
    𝜙  (2.20) 
uniformly on any compact subsets of ℝ?. From this and the hypothesis that 𝜙(0) = 0, we can obtain that there exists 
a ?2 > 0 such that if |?| ≤ 2
−??2, then  
  ?(???
2−?(𝑝−1)?)𝜙(?) <
𝜀
3
.  (2.21) 
Therefore, if |?| ≤ 2−??, then  
 
  ?(???
2−?(𝑝−1)?)[????
?,𝜎???](?) ≤ ?(???
2−?(𝑝−1)?)𝜙(?) <
𝜀
3
.  (2.22) 
Let  
?? = {? ∈ ℝ?; 2−? < |?| < 2?}. 
From (2.17)–(2.20), we thus have  
 
∥ ?(???
2−?(𝑝−1)?)[????
?,𝜎???] − 𝜙 ∥?∞(ℝ?) 
≤∥ ?(???
2−?(𝑝−1)?)[????
?,𝜎???] − ?(???
2−?(𝑝−1)?)𝜙 ∥?∞(???−1) 
+∥ ?(???
2−?(𝑝−1)?)[????
?,𝜎???] − ?(???
2−?(𝑝−1)?)𝜙 ∥?∞(ℝ?∖???−1) 
+∥ ?(???
2−?(𝑝−1)?)𝜙 − 𝜙 ∥?∞(ℝ?)
?→∞
    𝜙 
 
uniformly on ℝ?. Combining this with (2.14) and (2.15), we get that for any  𝜙 ∈ ?, there exists a sequence ?? → ∞ 
as ? → ∞ such that  
  ????
?,𝜎[?(???
2 ?)?0]
?→∞
    𝜙  (2.23) 
uniformly on ℝ?. Now taking ??? = ???
1
2  and ? = 1 in (2.23), we thus obtain from (2.6) that (1.5) holds. So we 
complete the proof of Theorem 1.1. 
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